We consider the problem of heating a cylindrical body with an internal thermal source when the main characteristics of the material such as specific heat, thermal conductivity and material density depend on the temperature at each point of the body. We can control the surface temperature and the heat flow from the surface inside the cylinder, but it is impossible to measure the temperature on axis and the initial temperature in the entire body. This problem is associated with the temperature measurement challenge and appears in non-destructive testing, in thermal monitoring of heat treatment and technical diagnostics of operating equipment. The mathematical model of heating is represented as nonlinear parabolic PDE with the unknown initial condition. In this problem, both the Dirichlet and Neumann boundary conditions are given and it is required to calculate the temperature values at the internal points of the body. To solve this problem, we propose the numerical method based on using of finite-difference equations and a regularization technique. The computational scheme involves solving the problem at each spatial step. As a result, we obtain the temperature function at each internal point of the cylinder beginning from the surface down to the axis. The application of the regularization technique ensures the stability of the scheme and allows us to significantly simplify the computational procedure. We investigate the stability of the computational scheme and prove the dependence of the stability on the discretization steps and error level of the measurement results. To obtain the experimental temperature error estimates, computational experiments were carried out. The computational results are consistent with the theoretical error estimates and confirm the efficiency and reliability of the proposed computational scheme.
INTRODUCTION
The problem of heating a cylindrical body with the internal thermal source by the surface heat flux arise in thermal monitoring, in non-destructive testing [1] , in technical diagnostics [2] and in other engineering applications [3, 4, 5] . In actual practice, we can measure the heat flux and the temperature only on the outer surface. However, we must calculate the temperature at the internal points of the body based on surface measurements.
The problems in which internal heating of an object is determined from the indirect surface measurements are named the inverse heat conduction boundary problems. The methods for solving these problems are based on the regularization technique. The majority of the developed methods involve the reduction of the inverse problem to an integral equation. As some examples, we refer to methods, which were considered in [6, 7, 8] . Another group of methods employs inexplicit or explicit schemes to obtain numerical solutions. For example, Afanas'eva, and Vabishchevich in [9] construct splitting schemes whose numerical implementation involves the solution of auxiliary problems with self-adjoint operators. Dehghan in [10] discussed alternating direction implicit schemes for solving a nonlocal boundary value problem. In addition, we should highlight the methods that imply the reduction of the initial problem to inverse problem for wave equation. This approach has been proposed by Alifanov in [12] and by Weber in [13] and considered by Beck et al in [14] . The essential feature of existing methods is that their application is quite successful for problems with known initial conditions. However, it is impossible to employs them when the initial conditions are unknown.
In this contribution, the problem of heating the cylinder with unknown initial conditions are considered. We propose the numerical method for calculating temperature at the internal points of the cylindrical body with the internal thermal source. This method is based on the finite-difference explicit scheme and discrete regularization method (DRM). The form of DRM for the cylinder without an internal thermal source was considered in [11] . In this paper, we formulate the conditions that yield the stability of the computational scheme. To evaluate the reliability of the computation procedure we carry heating out the computational experiment, comparing the numerical solutions with the test functions. The computational results for test data are presented in this paper.
STATEMENT OF THE PROBLEM
We consider the mathematical model of heating a cylindrical body with an internal thermal source without phase transitions in the material. The basic assumptions of our problem are as follows. The cylinder length is such that we can neglect the heat flux obtained through the bases. In other words, we presume that the cylinder has the insulated bases and the heat transfer is carried out only through its lateral surface. In addition, the cylinder contain the internal time-depend thermal source. We can control the heat flow from the surface inside the body by regulating the intensity of its heating or cooling and we know that this process has a smooth variation. Assume that the temperature is the same along any straight line parallel to the axis. Thus, we consider the cylinder in polar coordinate system where the cylinder axis passes through the origin. Let be the base radius, r be the current radius, 0, r 
where the continuous function f t describes the thermal source function, the function p t corresponds to the temperature on the surface, and q t characterizes the heat flow density on the surface of the body. As has been mentioned above, we can control only the heating mode on surface. Thus, the temperature value 0, u t on the cylinder axis are not available for measurement and it is required to calculate the temperature values , u r t at each internal point , r t and to find the following function:
The existence of the exact solution 
hold at each point , T r t Q . Based on (4) we can apply a computational scheme of the discrete regularization method (DRM) for calculating the temperature functions , u r t at internal points of body.
NUMERICAL METHOD
The discrete regularization method for heating the cylinder without internal thermal source was proposed in [11] . In this paper we applicate the DRM for solving to (1), (2) when the object contains the thermal source function.
Computational Scheme
We introduce the finite difference grid , 
, ,
The first idea of the DRM is that we can calculate the temperature values by moving from the points 
Next, based on the property of , , c u u u we use the second-order Taylor expansion to these functions.
It well know that the explicit schemes are unstable. To improve upon that, we enhance (7) via the stabilizing functional with a regularization parameter . Further, we choose the discretization steps and according to some special conditions. As a result, we achieve the stability of the computational scheme.
Stability Analysis
The significant aspect of inverse problems with unknown initial conditions lies in the impossibility of obtaining the unique solution in the whole domain T Q . This feature of the inverse problem has been provided in [17] .
According this result, we can obtain the exact error estimate only in the subdomain T D Q . Therefore, we evaluete the stability of the DRM under some assumptions.
To investigate the stability of the proposed computation scheme, we employ a well-known technique from the regularization theory [18] . We define the parameters 
The following inequalities hold
Taking into account (4), we obtain the following result 
Whence, it follows, that the proposed scheme is conditionally stable. Then, we choose discretization steps and the parameter according to the special criterions, which guarantee that 1 and that the following estimate hold Then we estimate the deviation of the numerical solution to (5), (6) from the solution to (1), (2 
From the last relation it follows that the proposed scheme is conditionally stable.
COMPUTATIONAL RESULTS
Computational experiments were carried out to evaluate the reliability of the proposed method. 
CONCLUSION
Discrete regularization method for solving the problem of non-linear heating the cylindrical body with the unknown initial temperature has been proposed in this paper. The most difficult step of calculating the temperature function at internal points of body lies in the absence of the initial conditions. This computational problem was solved by using the explicit finite difference scheme with respect to the spatial variable. The application of the regularization technique ensures the stability of the scheme. This approach leads to a significant simplification of the computational procedure.
The computational algorithm is presented and validated by numerical examples. It is shown that the DRM is feasible for selecting the heat treatment conditions and the control modes: during certain period of time, the estimation precision is satisfactory. Among the shortcomings of DRM we should note the conditional stability of scheme. However, we can choose the parameters of DRM in accordance with time range of measurements and then calculate the temperature values at the internal points of the body with reasonable accuracy.
Further investigations should be conducted to develop the adaptive decomposition for coefficients and to compare the numerical results with experimental data.
